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ON DETERMINING STRESSES
IN RIGID INCLUSIONS. PLANE PROBLEMS

I. Yu. Tsvelodub UDC 539.3

Plane problems of determining the stress—strain state of an isotropic elastic domain with a rigid
inclusion are considered. It is shown that the stress field in the inclusion is uniquely determined.
This field is uniform for a plane with an elliptic inclusion, and the stresses at infinity and in the
inclusion are related by mutually single-valued formulas.
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The model of an absolutely rigid body is an idealized presentation of the behavior of a real material: the
medium starts to deform only when a certain level of stresses is reached. For instance, this approach is used in
the theory of a rigid-plastic medium [1], where there are no deformations at s < oyiela (s is a certain invariant of
the stress tensor, for instance, the intensity of shear stresses and oyiela is the yield stress), the material starts to
experience plastic deformation at s = oyjelq, and material failure may occur under further intensification of loading.
Thus, information about the stress state in the rigid inclusion (RI) can be useful for estimating its strength.

The problem of determining the stress—strain state of an elastic plane with a physically nonlinear elliptic
inclusion (PNEI) under conditions of plane deformation or in the generalized plane stress state was considered in [2,
3]. Relations between the uniform stress fields at infinity and in the inclusion were established. Similar results were
obtained in [4] for the problem of pure bending of an infinite elastic plate containing a PNEI. Relations obtained
in [2-4] are also applicable in the case of a rigid inclusion. Moreover, a plane problem of determining stresses in
a finite elastic domain with an arbitrarily shaped RI is well-posed if the inclusion is assumed to be elastic and to
have an infinitely large shear modulus.

1. Formulation of the Problem. Let us consider an isotropic elastic domain S with a rigid inclusion S*
under conditions of plane deformation or in the generalized plane stress state. External boundaries of the domain
with the RI are simple closed contours L and L* (L* is the boundary between the domain S and the RI S*). The
domain S obeys Hooke’s law [2]

8ueR = (% — 1)Unn5kl + 40’21,

(1.1)
0']8[ = Okl — Unn5kl/2 (k,l =1, 2),

where Ugl and d0g; are the components of the plane stress deviator and the unit tensor, p is the shear modulus,
» = 3 — 4v in the case of plane deformation and » = (3 — v)/(1 + v) in the case of the generalized plane stress
state, and v is Poisson’s ratio; summation is performed over repeated indices from 1 to 2.

The strains €y, are assumed to be small and to be expressed in terms of the displacements uy (k,l = 1,2)
by the known Cauchy relations.

For the RI, i.e., for the domain S*, we obtain

eu=0,  upy=0 (kI=12). (1.2)
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The displacements uy or the loads pr = opn; are specified on the boundary L (nj are the components of
the unit vector of the normal to L). The displacements and loads on the boundary L* between the domains S*
and S are continuous; therefore, uy = 0 on L* by virtue of Eq. (1.2). Thus, for the domain S, we obtain a
problem in displacements or a mixed problem whose solution gives us the stress field o; and, consequently, the
loads p} = pr = omn; on L* (n} are the components of the unit vector of the normal to L*).

Considering further the RI S* as an elastic medium with the shear modulus p* (u* — o0), we obtain a
biharmonic equation for the stress function F* with the quantities F* and 0F*/0n* specified on L*. This problem
has been well studied [5], and its solution (which is unique) yields the stress field o, in the domain S*.

2. Elastic Plane with an Elliptic RI. Let us consider a particular case of the above-formulated problem.
The domain S is an elastic plane with the behavior of the material in this domain being described by Hooke’s law
(1.1), and the contour L* is an ellipse described in the coordinate system Ozy by the formula z2a=2 + y?h=2 = 1,
a > b. Therefore, S* is an elliptic rigid inclusion (ERI). Uniformly distributed stresses o}y are applied at infinity,
and there is no rotation.

A similar problem was considered in [2, 3] for the PNEI with the constitutive relations of a rather general
form:

e = Fulog,) (b lmn=12) (2.1)

(Fy; are, generally speaking, nonlinear operators that describe, for instance, the elastoviscoplastic properties of the
medium). It is shown that the stress field in the inclusion is uniform, and the following relations are established
between the stress—strain states in the PNEI and at infinity:

Fi = ajjy; + Bigz;  (i=1,2,3), Fy =¢ly, Fy=¢e5, F3=2¢c),

Y1 :Urla y2:0-;27 y3:0T27 T :0'(1X1)7 IEQZO'SS, IE3:0'(1>§,
(>c+1)(1 —m) x—1 (3 +1)(1+m)
« = — y « = = s « = — s
11 ap(1+ m) 12 21 A 22 ap(1— m)
B O o S (2:2)
33 — ,LL(I _ mz)a 11 — 8,[1/(1 + m) ) 12 — P21 — 8,LL )
(>x+1)(34+m) x+1 a—b
— — = O< 1 N
ﬂ22 gu(l N m) ) 633 M(l . m2)a m a+ b ( sm< )7

the remaining coefficients a;; and f3;; are equal to zero. In Eqgs. (2.2), summation is performed over j from 1 to 3.
Relations (2.1) and (2.2) form a closed system for determining o, on the basis of the stresses at infinity
opy. This system is uniquely resolved with respect to o}, under the conditions indicated in [2, 3]; vice versa, using
Egs. (2.1) and (2.2), one can find the stresses oy that ensure the necessary stresses oy, in S*. The field o3 is
determined uniquely, because the matrix ||5;;]| in Eqs. (2.2) is positively determined.
In the case considered, the rigid inclusion can be considered as a PNEI whose material is described by the
constitutive equations of the form (1.2). Then, Eqgs. (2.2) yield the system

aiy; + By =0 (1=1,2,3), (2.3)

which uniquely determines y; (i.e., the stresses o, in the inclusion), because the matrix ||cv;;|| is negatively deter-
mined. This solution has the form

. x+1 - -
7= 43¢(1 —m) [+ 2 =m)ori + (5 = 2 = m)ozs],
(2.4)
O99 = 451 + m) (s =2+ m)o7] + (3 + 2+ m)ogs], Cla= 00

For instance, under uniaxial tension or compression at infinity along the first axis (o9 # 0 and 035 = o5 = 0),

Egs. (2.4) yield signoy, = signofy and signoj, = £signofy depending on sign (»x — 2 + m); for 055 # 0 and

ofy = 055 = 0, we obtain sign o, = +sign o5 depending on sign (3 — 2 —m) and sign o3, = sign 055; for 055 = 055,
<3 * ol * o (e’

we have sign o}, = signoj, = signofy.

699



It follows from Eq. (2.4) that the shear and normal stresses at infinity affect only the corresponding stresses
in the ERIL: of5 affects 0]; 0 and o35 affect o], and o3,. Note also that Eqs. (2.4) yield |o55| — o0 as m — 1
(thin rigid inclusion) for arbitrary stresses o7y and 053 if at least one of them differs from zero; the quantity o3, is
finite.

As was noted above, system (2.3) is uniquely resolved with respect to opy, i.e., for obtaining a given stress
state in the ERI, it is necessary to create a particular stress field at infinity.

3. Pure Bending of a Plate with an ERI. Let us consider an infinite isotropic elastic plate of constant
thickness h containing an ERI (of the same thickness h). The plate is subjected to pure bending under the action of
uniformly distributed moments M.} at infinity. There are no surface loads. We have to determine the stress—strain
state of the plate, in particular, the field of moments in the ERI.

A similar problem for the case of a PNEI with the constitutive equations of the form (2.1) resolved with
respect to oy; was solved in [4]. It was shown that the field of moments Mj,; and the corresponding curvatures s
in the inclusion is uniform. In addition, the following relations were obtained:

D(1 — v)se11 = a11 M1y + a12Mag + b1y M7y + b1 MSS,
D(1 — v)s93 = a12M11 + agaMag + 1o M7y + bao MY,
D(1 — V)12 = agMya + boMSS,  ayn = fi(m),  ax = fi(—m),
a2 =—(1+v)/(3+v), ap=—(1—v)(1—m?)/[4— (1 -v)(1—m?), (3.1)
bir = f2(m), b2 =fo(-m), bi2a=(1-v)/[B+v)(1+v)],  bo=1-ao,
filz)==2(1-2)/[B+v) A +=)], folx)=Br+5+z(1-v)/[B+v)1+v)1+2)],

D = ER3/[12(1 — v?)].
Here D is the cylindrical rigidity, £ is Young’s modulus, and v is Poisson’s ratio of the elastic plate; the value of m
is determined by Egs. (2.2).
For the case of the rigid inclusion, assuming that s¢; = 0 and resolving system (3.1) with respect to My,
we find the expressions for the moments in the ERI:

(1- V2)M11 = v+ a(m)| My — [va(m) + 1] Mss,
(1 —v*) Moy = —[va(—m) + 1M + [v + a(—m)]| M55,

(1 —v*) My =41+ v)MS /(1 —m?), alz) =3B +2)/(1—x).

Note that system (3.1) is uniquely resolved with respect to MY as well, i.e., to obtain a uniform moment
field My, in the ERI, it is necessary to ensure a uniform distribution of the above-indicated moments M} at infinity.
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the Council on the Grants of the President of the Russian Federation on Supporting the Leading Scientific Schools
(Grant No. NSh-3066.2008.1).

REFERENCES

1. G. I. Bykovtsev and D. D. Ivlev, Theory of Plasticity [in Russian], Dal'nauka, Vladivostok (1998).

2. I. Yu. Tsvelodub, “Determination of the strength characteristics of a physically nonlinear inclusion in a linearly
elastic medium,” J. Appl. Mech. Tech. Phys., 41, No. 4, 734-739 (2000).

3. L. Yu. Tsvelodub, “Physically nonlinear inclusion in a linearly elastic medium (plane problem),” Izv. Ross. Akad.
Nauk, Mekh. Tverd. Tela, No. 5, 72-84 (2000).

4. 1. Yu. Tsvelodub, “Bending of elastic plates with a physically nonlinear inclusion,” J. Appl. Mech. Tech. Phys.,
47, No. 6, 899-904 (2006).

5. N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elasticity, Noordhoff, Groningen,
Holland (1963).

700




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 225
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


